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1. Compute

Solution: Since both the numerator and denominator go to  in the limit, we can apply
L’Hopital’s Rule:

2. Consider the region specified by the union of the inequalities  and . What is
the volume of the solid created by rotating this region about the -axis?

Solution: By graphing the inequalities, note that the solid consists of a cylinder for  and the
solid formed by rotating  for 

The volume of the cylinder is , so it remains to find the volume of the second solid. The second
solid has volume  so our final answer is 

3. Compute the limit

Solution: Observe that
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Then by the product rule and FTC,

So our limit is

Our second term requires L’Hopital’s rule:

4. Consider the pair of ladders shown in the below image. The bottom ladder (dashed line) connects
the points  and . The top ladder (dotted line) is attached to the bottom ladder at 
and touches the wall at . This pair of ladders begins to slide down the wall, such that the top
ladder remains attached to the midpoint of the bottom ladder. When the bottom ladder touches the
wall at the point , the end at which it touches the wall is moving downward at the rate of 
units per second. At that point in time, what is the rate at which the wall end of the top ladder is
moving downward, in units per second?

Solution: Note that the bottom ladder has length . Thus, when it is touching the wall at 
(for convenience), the other end of the ladder must be at . This implies that the
midpoint of this ladder is at the point .

Furthermore, the length of the top ladder is . This implies that the top ladder
touches the wall at the point . Define .

We are given that , so . Now, we may compute that
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5. Charlie chooses a real number . Bob chooses a real number  from the inteval 
uniformly at random. Alice chooses a real number  from the interval  uniformly at
random. Let  What is the probability that the roots of  have nonzero imaginary
parts and have real parts with absolute value greater than ?

Solution: Notice that . If the quadratic has roots with nonzero imaginary parts, then
. If these complex roots have real parts with absolute value greater than 1, then .

Hence, we need . If , then this is impossible, and this occurs with probability
half. Conditioned on a fixed , the probability that , given that  is drawn
uniformly from , is . Let  so that . Notice that
when ,  is chosen uniformly at random from , so we need to integrate  from 

to  which gives us  Thus, our final answer is 

6. Let , and . Compute

Solution: For every  we have  so there exists some integer  such that
 and  When  we have 

 so we see that for   For  we observe
that  for  and then 

 so we see that for  we have  We have
shown that  converges pointwise to  for 

We can exchange the limit and integral in the desired expression since  is bounded
above and below. Thus,

7. If  is a non-negative differentiable function defined over positive real numbers that satisfies
 and
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compute .

Solution: We divide by  on both sides of the differential equation to get

We let , so , and the equation becomes 
Dividing both sides by  gives us  Using the product rule, we note that this is
equivalent to  Integrating both sides gives us

for some constant . Thus, we have  The condition  gives us 
(note that  is non-negative, so there is really only one possible value). Then, our answer is

8. Compute

Solution: Let the value of this integral be , and set . Substituting  and hence
 gives

We integrate by parts twice:

Solving this gives
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As , then . Hence, we have

An alternative solution would be to directly use the product-to-sum formulas for .

9. The integral , where , can be written in the form 
for positive rational constants  and . Compute 

Solution: Applying Laisant’s Technique, we know that

Unfortunately,  (and thus ) do not have closed forms. So, we try to rearrange the right
hand side. To do so, by Fubini’s Theorem we obtain that

Thus,

Therefore, , . This gives .

Alternate solution: Let us attempt to get rid of the inverse (which is quite difficult to integrate) by
making the substitution . This yields
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. This is much easier to integrate as 

 by the Fundamental Theorem of Calculus, so 

. This is readily evaluated by -substitution to yield 

. Therefore,  and . We compute that  and 

both have  digits, so 

10. Compute

Solution: We have

Now, using , we get that


