SMT 2022 CALCULUS TIEBREAKER SOLUTIONS

APRIL 16-17, 2022

1. Compute
10
/ (x —5)+ (z —5)* + (z — 5)3dx.
0
Answer: %0
Solution: This integral is equivalent to
_ 250

ff5x+$2+l‘3d$ = f_5513'2dl': % —_ ( 5)3 = ? .

2. Water is flowing out through the smaller base of a hollow conical frustum formed by taking a
downwards pointing cone of radius 12m and slicing off the tip of the cone in a cut parallel to the
base so that the radius of the cross-section of the slice is 6m (meaning the smaller base has a
radius of 6m). The height of the frustum is 10m. If the height of the water level in the frustum
is decreasing at 3m/s and the current height is 5m, then the volume of the water in the frustum

is decreasing at d m3/s. Compute d.

Answer: 243

Solution: Let the radii of the bases of the frustum be r; = 6 and ro = 12, and let the height
be h = 10. Also, let the current height of the water in the frustum be h. = 5, the radius of the
surface of the water be r., and the height of the part of the cone that was cut off to make the

frustum be hy.

First, we can find hg using similar triangles. We have

h(] ™ hn

hoth 1 072 or1 + nry 0

We can also find 7. in terms of h.:

Te ho + hc ho + hc
_— = — TC = Tl
ho

1 ho

The volume of the water in the frustum is

1 1 1 (hO + hc)2
V = gTrTz(ho -+ hc> — §7T7'%h0 = gT{'T%T

Taking the derivative with respect to time gives

dVv 1 o _(ho+he)? dhe
&Y _ - .30 e
it 3" 02 dt
1 (10 + 5)*
— —r.62.3. "%
3" T
=243 |
3. Compute the value of
2 2

Answer: %ln (ez"z — 271'2)

ro—T1 - 12—-6

(h[) +

= 10.

1
he) — §7ﬂ"%hg.
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Solution: Let I denote the value of the integral. We first split the integral into two parts

0 _z2 —z2 T 2 —z2
e’ —e e’ —e
I:/a:da:—i—/a:dx.
_WefEQ—x\/?H 0 el“2—a:\/§‘|
Since |z| = x for > 0 and |z| = —z for x < 0, we have

2 .2
et —e "

0 em2 _ e—wQ ™
I:/ —xdx—i—/ ————uxdx.
—r el’z—x\@( ) 0 e’ —xv/2
Performing a substitution x — —z on the first integral gives

™ er . €,$2 T e:}c2 N 6722 ™ (2629&2 — 2) x
1= :UdaH—/ ——=uzdzx :/ ——dx
/0 e’ + /2 0 ¥’ — 12 0 e _—2g2
Now, the indefinite integral can be solved by performing the substitution v = e2® _ 252,

/W”)”Cdx:/wzllnu

e2r® _ 942 0 2

2¢22% _9

Therefore, [ gdx = [31nv]

e27% 22

i 1 2
= iln (62” —2772> .




