SMT 2019 CALCULUS TIEBREAKER SOLUTIONS MARcCH 2, 2019

1. Define functions fy, f1,..., fn,-.. to satisfy the following relations: fy = 2, %fn = fno1. If
for n > 1, f,(0) = 0, compute

> fal(In(2019)).

n=0

Answer: 4038

Solution: We see by induction that f,, = 2%7;. Using the Taylor series of e*, we have

anln2018 _22 ; In(2019)" =2.2019 =[4038]

2. Compute

l,lOex

lim ———.
2—0 sin'0(2z)
.1
Answer: 1557
Solution: When we plug in x = 0 we have the indeterminate form 0/0, suggesting that we
apply L’Hopital’s rule. Doing so once gives us

wlOex ) 10 x+ 101[)9696
lim

——— = lim .
20 sin1® 2z 20 20 cos(27) sin?(22)

When we plug z = 0 here, we again have an indeterminate form, so we must apply L’Hopital’s
rule again. However, doing so will require applying the product rule multiple times in both
the numerator and denominator. At this point we realize that we need only focus on the
lowest power of " and sin™(x) because when we plug in 2 = 0 later, all other z* and sin”(z)
terms will vanish. Furthermore in the denominator, all the cos(0) terms will vanish too so
we need only focus on the coefficients of the terms. This allows us to apply L’Hopital’s rule
10 times to get

x10e® 10! 1 1

1. = = — = .
+50 sin0(22)  210-101 210 | 1024

3. Compute
10 In(10000001)
/ In(z” + 1) dx + / Vet —1dz.
0 0

Answer: 101In(107 + 1)

Solution: Note the formula for integration of increasing inverse functions

b f()
/ f(z)da + / V(@) de = b (b) — af(a).
a f(a)

(this can be seen graphically). Applying this formula with f(z) = In(z” + 1) (so f~'(z) =
ver —1), a = 0, and b = 10, we see that the LHS of the above formula is precisely the
desired quantity, and hence the desired quantity is

10£(10) — 0£(0) = |101n(107 4 1) |.




