SMT 2018 CALCULUS TIEBREAKER SOLUTIONS FEBRUARY 17, 2018

1. If f(z) = @ where g(2) = 4 and ¢/(2) = 8, compute f/(2).
Answer: 3

Solution: We use the quotient rule to compute

() = g'(z) -z —g(x)-1
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2. Compute
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Answer: 325

Solution: We begin by applying L’Hopital’s Rule to each term in the sum
nkF—1 ~ knk1
im ——— = lim —— =
n—1 In(n) n=1 1/n

If we swap the limit and finite sum in our original problem, we can then compute

25
) n — 1 nk — 1 ~ (25)(26)
lim g lﬁ\1 In(n kglk ="—5 = 325

3. Compute
/ sin'?(z) da.
0
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Solution: We first compute

/0 " sin?(x) dz — /0 " 1= cos(22) ‘.C;Sm) d:r
_ <:; B s1n£l2x)>

.
Now note that d(— cos(z)) = sin(z), which allows us to integrate by parts and compute

Answer:

0_2.

Win”:c T = Wsin”_lm —cos(x)) dr

/Os()d /0 (2)d(~ cos(x)) d
= —sin" H(z) cos(z)|" — n —1)sin” (= cos?(z)) dz
- (@) cos@)fy = [ (= s (= cost(w)
=0+ (n— 1)/0 sin"?(1 — sin®(z)) dz
=(n-1) /O7T sin" %(z) dz — (n — 1) /OTr sin” (z) dx.

Rearranging gives us
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This gives us a recursive relation between the integrals. From above, when n = 2, we have
[y sin?(z) dz = Z. Therefore, when n = 10, we have
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