SMT 2014 ALGEBRA TIEBREAKER SOLUTIONS FEBRUARY 15, 2014

1. Given that 8z +y < 17 and 2z + 7Ty < 13, compute the maximum possible value of = + .
88
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Solution: From the two inequalities, it is always the case that = +y < o7 We note that this
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is realizable by the point ( >, so the answer is

2. Evaluate
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Solution: We assume without proof that E \F n \/T E E NN
n = i

The purpose of this assumption is to group together consecutive terms with the same sign.
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From there, because |vi| = n for n? < i < (n + 1) 1, we have ) .~ ', wcanv=sdi
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(%2) Z<i+1) ~' Vi + 1—+/i which telescopes to (%2)" (Vi + 12 —14+1-vVn?) = (%2)” (n+
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)
1—mn) = (2)". So our sum is simply equal to > oo ()" = ﬁ = . To formally prove

that this grouping is allowed, you can do clever things with the sandwich theorem, but that is
up to you.

3. Compute

Answer: 12

Solution: We begin by using the cosine double angle formula to rewrite - %L + Sin21 = =
10 10

1 2—(cos § +cos ?) . e . .
= . Simplifying this r mputin
%—% cos § T % % cos 3?'” 2 <1 (cos 7+cos = )+cos T cos 3?” Simplifying this reduces to computing
cos ¢ T 4 cos 23X and cos Z cos 3F
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For the sum of the cosines, the quickest and most intuitive argument (in my opinion) goes as
follows. Since the angles involved are multiples of Z, we think of the unit circle and a regular
pentagon inscribed in it (With vertex at (—1,0)). If we construct vectors from the origin to
the vertices, we note that cos —|— coS 357r is the sum of the x coordinates of 2 of the vectors.
Also, S = cos ¥ + cos 3; = cos & + cos & 7” because it is the reflection of those two vectors
across the x—axis (and also because this is a basic property of the cosine). Finally, the sum of
all 5 of these vectors must be 0- suppose not. Then we may rotate all 5 vectors by £ to get
the exact same vector sum, but the only vector which remains the same when rotated by less
than a full revolution is the 0 vector. So the sum of all the z coordinates must be 0. Thus

28 +cosT=25—1=0and S =3
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For the product, we note that cos %” = —cos 2{ so that cos £ cos %” = —cos g cos%”sing
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We may plug both of these in to get e E T e

1



